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Abstract

Background: Transforming growth factor β (TGF-β) signalling regulates the development of embryos and tissue
homeostasis in adults. In conjunction with other oncogenic changes, long-term perturbation of TGF-β signalling is
associated with cancer metastasis. Although TGF-β signalling can be complex, many of the signalling components
are well defined, so it is possible to develop mathematical models of TGF-β signalling using reduction and scaling
methods. The parameterization of our TGF-β signalling model is consistent with experimental data.

Results: We developed our mathematical model for the TGF-β signalling pathway, i.e. the RF- model of TGF-β
signalling, using the “rapid equilibrium assumption” to reduce the network of TGF-β signalling reactions based on the
time scales of the individual reactions. By adding time-delayed positive feedback to the inherent time-delayed
negative feedback for TGF-β signalling. We were able to simulate the sigmoidal, switch-like behaviour observed for
the concentration dependence of long-term (> 3 hours) TGF-β stimulation. Computer simulations revealed the vital
role of the coupling of the positive and negative feedback loops on the regulation of the TGF-β signalling system. The
incorporation of time-delays for the negative feedback loop improved the accuracy, stability and robustness of the
model. This model reproduces both the short-term and long-term switching responses for the intracellular signalling
pathways at different TGF-β concentrations. We have tested the model against experimental data from MEF (mouse
embryonic fibroblasts) WT, SV40-immortalized MEFs and Gp130F/F MEFs. The predictions from the RF- model are
consistent with the experimental data.

Conclusions: Signalling feedback loops are required to model TGF-β signal transduction and its effects on normal
and cancer cells. We focus on the effects of time-delayed feedback loops and their coupling to ligand stimulation in
this system. The model was simplified and reduced to its key components using standard methods and the rapid
equilibrium assumption. We detected differences in short-term and long-term signal switching. The results from the
RF- model compare well with experimental data and predict the dynamics of TGF-β signalling in cancer cells with
different mutations.
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Background
TGF-β is a member of the transforming growth fac-
tor superfamily, which also includes other growth fac-
tors such as bone morphogenetic proteins, Mullerian
inhibitory substance, activin, inhibin and Nodal [1–3].
Each family member controls a broad range of cellular
processes, such as differentiation, proliferation, migration,
life span and apoptosis [1, 4]. TGF-β is secreted in an
inactive form and sequestered in the extracellular matrix,
but once activated by serine and metalloproteinases [5]
TGF-β is released and binds to the cell surface to form
TGF-β receptor complexes. The active ligand:receptor
complex then initiates the intracellular signalling that
leads to SMAD activation (phosphorylation) and nucleo-
cytoplasmic shuttling and, eventually, to gene responses in
the nucleus [6, 7].
Recent studies indicate that TGF-β concentration, stim-

ulation time, cell type and even the percentage of active
signalling components within cells can influence the gene
responses, giving a multi-functional aspect to TGF-β sig-
naling [2, 8]. This is of particular interest in colon cancer,
where SMAD signalling is a critical pathway controlling
the transition of normal epithelial cells to cancerous cells
[3, 8–11]. In spite of the myriad studies on the TGF-β
signalling pathway, there are still many unanswered ques-
tions concerning the impact of TGF-β signalling at dif-
ferent stages of cancer cell progression [12]. In particular,
there are two opposing reactions of cancer cells to TGF-β :
the proliferation of cancer cells at an early-stage is inhib-
ited by TGF-β [13], yet at more advanced stages of malig-
nancy, proliferation of cancer cells is stimulated by this
cytokine [14].
Although many of the TGF-β signalling components

were discovered decades ago [15], the quantitation,
dynamics and locations of the signalling components that
occur within hours of TGF-β stimulation [16–22] have
been more difficult to interpret. Consequently, mathe-
matical models of TGF-β signalling have been developed
[2, 16–21, 23, 24]. In a comprehensive model of TGF-β
signalling, Zi et al. [22] aim to explain the high cooper-
ativity and discontinuous cellular responses to TGF-β in
terms of switch-like behavior arising from ligand deple-
tion. However, these models did not include the feedback
mechanisms known to regulate the TGF-β system, in
particular feedback through SMAD7, a key inhibitor in
TGF-β signal transduction [25]. Furthermore, SMAD7
is an important component for mediating the crosstalk
between TGF-β signal transduction and other cytokine
signalling pathways such as IL-6 or IL-11 [10].
The Zi model [22] also lacks the more recently dis-

covered positive feedback loop in TGF-β signalling that
acts by suppressing Azin1 via the microRNA miR-433
[26]. Azin1 promotes polyamine synthesis [26, 27], which
suppresses TGF-β signalling [26, 28–30]. Azin1 inhibits

antizyme, thus preventing the degradation of ornithine
decarboxylase (ODC) [26, 27]. ODC is essential for the
biosynthesis of polyamines [26, 27] (see Fig. 1). Interest-
ingly, over-expression of Azin1 suppresses the expression
of TGF-β and its Type 1 receptor [26]. The miR-
433:Azin1:Antizyme:ODC reactions appears to induce a
positive feedback on TGF-β signalling [26].
It is likely that these feedback loops will produce

both cooperativity and switch-like behavior, even in the
absence of ligand depletion [31–35]. The modelling of
feedback loops requires the introduction of time-delays
due to the extended time scales of the reactions. This is
typically found in cellular signalling systems which involve
gene regulation, protein synthesis and for the shuttling
of signalling components between subcellular compart-
ments [31–33].
As a prelude to improving our understanding of the

TGF-β signalling system we have developed a newmathe-
matical model which incorporates negative feedback con-
trol via SMAD signalling, positive feedback via Azin1
and appropriate time-delays for specific reactions [25, 36].
We started the modelling process by incorporating all of
the reactions involved in TGF-β and SMAD signalling,
including the feedback loops and time-delays. We then
used the rapid equilibrium assumption to produce a sim-
pler system that is more amenable to robust mathematical
analysis and numerical simulation (section “Mathematical
Model for TGF-β Signalling” in “Additional file 1”) [37].
The reduction methods were applied to the TGF-β sig-
nalling system in two steps, resulting in a semi-reduced
mode and the RF- model. The RF- model allows us to
characterise the system both at the steady-state and dur-
ing the transient dynamics in response to TGF-β signals.
It should be noted that the activation of TGF-β recep-
tors also stimulates theMAPK (Mitogen-activated protein
kinases) [38–41] and P38 [40–42] systems, which will
influence the responses of late-stage cancer cells. The pre-
dictions from the proposed model are compared with
published experimental data [22] and new experimental
data from our laboratory.

Development of the TGF-β signallingmodel
The TGF-β receptor complex is a tetramer comprised of
Type 1 and Type 2 receptors that, upon TGF-β binding,
becomes activated via autophosphorylation [1, 43, 44]
(Fig. 1). The activated TGF-β receptor complex is then
internalized [45, 46], where it phosphorylates and acti-
vates SMAD2/3 [44]. Activated SMAD2/3 then forms
homotrimers, which bind to SMAD4 homotrimers. The
heterotrimers (hexamers) are imported into the nucleus
[47]. The phosphorylated SMAD2/3:SMAD4 complex
functions as a transcription factor that upregulates a
number of target genes, including Jun, Fos, SNAIL1 and
SMAD7; the last of these target genes, SMAD7 is a known
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Fig. 1 The full TGF-β signalling biological model. Potential phosphorylation sites of the receptors are specified with empty circles attached to R1
and R2 components. Arrows pointing to 6 blue dots represent degradation process. The stars indicate the production processes for specific proteins
on the membrane and in the cytoplasm. The red solid arrows originating from SMAD7/Smurf apply negative and/or positive feedback on the
receptor components of the membrane. Oval-shaped components written in small letters represent micro-RNAs. In this figure, S represents the
SMAD proteins. Note that the arrow from ODC to polyamine shows an stimulatory reaction rather than conversion

inhibitor of TGF-β Type 1 receptors and TGF-β recep-
tor signalling [25, 47, 48]. The detailed reactions for this
signalling system are summarized in Fig. 1.
Signalling systems like the TGF-β pathway can be mod-

elled using ordinary differential equations which describe
the concentration changes of the various cellular compo-
nents (e.g TGF-β receptors, SMAD4) as a function of time
[49]. TGF-β receptor activation starts with the dimeriza-
tion of both components (TGF-β receptor type 1 and 2,
called respectively R1 and R2). dimers are vital for the sig-
nalling processes [50, 51]. The R2 dimer binds to the R1
dimer, resulting in the receptor complex RC. The RC com-
plex binds TGF-β dimers present in the medium around
TGF-β :RC complex (LC) contains all the components
essential for signalling, however, the R1 s are not yet acti-
vated (phosphorylated), i.e. LC is not themembrane trans-
ducer of the exogenous TGF-β signal. Signalling requires
ligand stimulated phosphorylation of R1 by R2 to produce
a phosphorylated ligand-receptor complex (PC in Fig. 1).
PC an intermediate component caused by the binding of
the ligand (TGF-β) to the R1 monomers. A degradation
reaction for LC is not necessary as LC is PC and degraded
through PC.

After phosphorylation of SMAD2/3, the SMADs
oligomerize to form the (PSMAD2/3)3:(SMAD4)3 com-
plex [52]. (PSMAD2/3)3:(SMAD4)3 translocates to the
nucleus, stimulating the SMAD7 gene and the expression
of the miR-433 microRNA [26, 53]. The SMAD7 mRNA
is translated and eventually the SMAD7/SMURF complex
accelerates the degradation of the R1-associated mem-
brane components [54, 55]. Although receptor dimer-
ization of type1 and 2 receptors on the membrane are
reported to occur in different orders [56–59], the short
time scale of the receptor dimerization reactions means
that the dimerization order does not change the steady-
state receptor output for the TGF-β :TGF-βR signalling
system.
In considering the development of a model for a sig-

nalling pathway, it is important to consider all of the
processes associated with the dynamics, activation, trans-
fer, maintenance or damping of the signal. Some sig-
nalling processes are triggered rapidly and reach a new
steady-state within minutes. Other processes require
hours or even days to reach new steady-states. In our
modelling process we defined as many processes as is
practical (to produce a detailed model) and then studied
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the contributions of the different processes (reactions)
to the regulation of specific components between 5
minutes (“short”-term) and three hours (“long”-term).
Where particular reactions reach equilibrium rapidly,
we introduced several “fast” reactions where only the
final concentration of the “fast” reaction products appear
in the “slow” equations as functions of the substances
(rapid equilibrium assumption). N.B. the rapid equilib-
rium assumption is a special form of quasi steady-state
approximation (QSSA) which is often used in the con-
text of time scale separation (see [60] for a review). In
order to compensate for the elimination of the “fast”
reactions, time-delays are used in the RF- model. The
time delays are explained in more detail in the next
section. We tested the effectiveness of the model with
a reduced number of equations (reduced model) for
simulating the expected concentration of SMAD2 and
Phospho-SMAD2 at both short times (<3 hour) and
long times (>6 hour). SMAD3 plays a crucial role in
regulating SMAD7 [61, 62] and miR-433 [26] and stim-
ulating the negative and positive feedback loops. How-
ever, due to similar dynamics for SMAD2 and SMAD3
inside the cell, it is reasonable to use measurements of
Phospho-SMAD2 as the output of the TGF-β signalling
system.

Semi-reducedmodel of TGF-β signalling
In order to reduce the number of intracellular reactions
involving in TGF-β signaling, we have focused on the
receptor components and then the direct interactions of
the critical receptor components with the SMADs at the
membrane. We considered the reduction process of the
TGF-β signalling system in two steps: first by developing a
semi-reduced model and second reducing it further to the
RF- model. The semi-reduced model of TGF-β signalling
is shown in Fig. 2.

We reduced the SMAD signalling interactions (e.g.
nucleocytoplasmic shuttling of activated SMAD com-
plexes and transcription and translation of feedback-
associated proteins, such as SMAD7 and miR-433) to a
single ligand dependent feedback loop that is regulated
by the levels of the PSMAD trimer, (S)3. For SMAD
activation of transcription, an intermediate step, Sn, was
added to mimic the nuclear accumulation of phosphory-
lated SMAD. These steps simplify the initial modelling
equations and include negative and positive feedback
loops. The two feedback loops for TGF-β signalling are
both the result of sequences of back-to-back, coupled
reactions (see Fig. 1). Each of the intracellular processes
happens at specific locations, within a specific time inter-
val and at defined kinetic rates. In order to simulate all
the cytoplasmic and nuclear reactions associated with the
feedback loops significant time-delays need to be incorpo-
rated into the model for TGF-β signalling.
In programming from the full set of reactions (Fig. 1)

to the semi-reduced model (Fig. 2) several assumptions
were necessary. Primarily, the component S is used to
represent the initial states of the SMAD proteins. Since
both SMAD2 and 3 follow similar dynamics, we assigned
the single component S to represent both proteins. Ŝ
replaces all the phoshorylated SMAD2/3 in the cytoplasm,
while the nuclear PSMAD3 is represented by Sn. SMAD4
is the common-mediator SMAD that participates in the
TGF-β signalling by interacting with PSMAD2/3. There-
fore, it is possible to incorporate the role of SMAD4
in Ŝ. The total (PSMAD2/3)3.(SMAD4)3 concentration
is represented by (S)3 in Fig. 2. The negative feedback
cascade via SMAD7 (S7) is initiated from the transcrip-
tional SMAD complex (Sn) and is represented by the (S)3
component. However, (S)3 is represented as a dimer in
the negative feedback equations in order to simulate the
SMAD7:SMURF interaction.

Fig. 2 The semi-reduced TGF-β signal transduction reactions. The red dashed lines which originate from phosphorylated SMAD trimer indirectly
regulate the receptor levels. All the reactions from trimerization of phospho-SMAD2/3 to SMAD7 transcription and translation are reduced to the
red dashed lines (see Fig. 1 for clarification). The dotted ends of red dashed lines show that included reactions could lead to both inhibition and
stimulation of their targeting reactions (demonstrating negative and positive feedback effects). In this figure S is specifically used for SMAD2/3
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The positive feedback loop is caused by a chain of
biochemical reactions which are triggered by nuclear
(PSMAD2/3)3.(SMAD4)3 [52]. These Azin1:Antizyme:
ODC:Polyamine associated reactions are represented via
a single intermediate inhibitor P. In Fig. 3 both the pos-
itive and negative feedback loops are indicated with a
dot-terminated solid line emerging from miR-433 and S7.
According to the semi-reduced model shown in Fig. 2,

the receptor associated reactions can be represented by:

R1 + R1
k+
1−⇀↽−
k−
1

(R1)2 R1 v1←− ∗ R1 k1−→:::

R2 + R2
k+
2−⇀↽−
k−
2

(R2)2 R2 v2←− ∗ R2 k2−→:::

(R1)2 + (R2)2
k+
RC−−⇀↽−−
k−
RC

RC RC kRC−→:::

RC + (TGF-β)2
k+
LC−−⇀↽−−
k−
LC

LC

Fig. 3 TGF-β receptor signalling system. a The schematic
semi-reduced model, TGF-β signal transduction. TGF and Ŝ + 3 (S)3
represent the input and the output of the model. b A Simplified
Model of TGF-β signal transduction. TGF-β and Ŝ + Sn + 3(S)3
represent the input and the output of the model. Both positive and
negative feedback loops are indicated by dot-ended solid lines
emerging from (S)3. τP and τN represent time-delays incorporated in
the positive and negative feedback loops, respectively

LC
k+
PC−−⇀↽−−
k−
PC

PC PC kPC−→:::

S
k+
S−⇀↽−
k−
S

Ŝ S vS←− ∗ S kS−→:::

Ŝ
k+
n−⇀↽−
k−
n

Sn Ŝ
kŝ−→:::

Sn
k+
3−⇀↽−
k−
3

(S)3 (S)3
k3−→:::

(1)

where ∗ represents the production process of specific
proteins and ::: represents the proteosomal degrada-
tion processes. Corresponding delay differential equations
describing all of the reactions associated with semi-
reduced TGF-β signal transduction are (Fig. 2):

d[ R1]
dt

= v1 − k1[ R1]−kf-1 [ N]2
[ R1]

[ R1]+K
−

2k+
1 [ R1] [ R1]+2k−

1 [ (R1)2]−kf+1 [ P]
[ R1]

[ R1]+K

d[ R2]
dt

= v2 − k2[ R2]−2k+
2 [ R2] [ R2]+2k−

2 [ (R2)2]

d[ (R1)2]
dt

= k+
1 [ R1] [ R1]−k−

1 [ (R1)2]−k+
RC[ (R1)2] [ (R2)2]

+ k−
RC[ RC]

d[ (R2)2]
dt

= k+
2 [ R2] [ R2]−k−

2 [ (R2)2]−k+
RC[ (R1)2] [ (R2)2]

+ k−
RC[ RC]

d[ RC]
dt

= k+
RC[ (R1)2] [ (R2)2]−k−

RC[ RC]

− k+
LC[ RC] [ (TGF − β)2]+k−

LC[ LC]−kRC[ RC]

− kf-RC[N]2
[ RC]

[ RC]+K
d[ LC]
dt

= k+
LC[ RC] [ (TGF − β)2]−k−

LC[ LC]−k+
PC[ LC]

+ k−
PC[ PC]

d[ PC]
dt

= k+
PC[ LC]−k−

PC[ PC]−kPC[ PC]

− kf-PC[N]2
[ PC]

[ PC]+K
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d[ S]
dt

= vS − kS[ S]−k+
S [ PC]

[ S]
[ S]+KS

+ k−
S [ Ŝ]

d[ Ŝ]
dt

= k+
S [ PC]

[ S]
[ S]+KS

− k−
S [ Ŝ]−kŜ[ Ŝ]

− k+
n [ Ŝ]+k−

n [ Sn]

d[ Sn]
dt

= k+
n [ Ŝ]−k−

n [ Sn]−3k+
3 [ Sn]

3 +3k−
3 [ (S)3]

d[ (S)3]
dt

= k+
3 [ Sn]

3 −k−
3 [ (S)3]−k3[ (S)3]

(2)

where [ P]= KI
2/(KI

2+[ (S)3(t − τP)]2 ) and [N]=
[ (S)3] (t−τN ), the positive and negative feedback interme-
diate components, respectively (see Fig. 1 for definitions
of the components).

RF - model of TGF-β signalling
The reduced model approximates TGF-β signalling with
6 differential equations. It is assumed that the R1, and
R2 dynamics are similar, hence the individual components
were replaced by a receptor block, R. R then become
dimerized to form RC. LC and PC are combined in one
parameter, i.e. PC, since they approximately follow the
same kinetics. The reactions describing the receptor inter-
actions and the initial SMAD changes are:

R + R
k+
RC−−⇀↽−−
k−
RC

RC R v1←− ∗ R k1−→::: RC kRC−→:::

RC + (TGF-β)2
k+
PC−−⇀↽−−
k−
PC

PC PC kPC−→:::

S
k+
S−⇀↽−
k−
S

Ŝ S vS←− ∗ S kS−→::: Ŝ
kŜ−→:::

Ŝ
k+
n−⇀↽−
k−
n

Sn Sn
kSn−→:::

(3)

Although some cooperativity within the system origi-
nates from the several dimer and trimer reactions on the
membrane, in the cytosol and in the nucleus, the most
critical cooperativity associated with the TGF-β induced
signalling reactions comes from the trimerization of the
Phosphorylated SMAD3, the binding of these oligomers
to the SMAD4 trimer and the consequential stimulation
of miR-433 and SMAD7 transcription. It should be noted
that the trimerization of Phospho-SMADs influences both
the positive and negative feedback loops (see Fig. 1).
Figure 3 describes the reaction framework we used to

produce the RF- model for simulating TGF-β signalling
and how it is derived from the semi-reduced model. The
key components in the RF- model are specified in Fig. 3.

This reduction/simplification method retains all of the
critical components of the signalling pathways.
The set of delayed differential equations which describe

the RF- model is introduced in Eq. 4. We have named this
model RF- model of TGF-β signalling since “R” indicates
that the model is “reduced” and “F” emphasizes that the
positive and negative “feedback” loops are considered in
the RF- model. Initially, the time-delays and amplitudes of
the positive and negative feedback loops (τP and τN ) are
assumed to be identical, however as shown in the supple-
mentary results, it is feasible to adjust these parameters
when appropriate experimental data is available.

d[ R]
dt

= v1 − k1[ R]−2k+
RC[ R]

2 +2k−
RC[ RC]

− kf+1 [ P]
[ R]

[ R]+K
− kf−1 [N]2

[ R]
[ R]+K

d[ RC]
dt

= k+
RC[ R]

2 −k−
RC[ RC]−kRC[ RC]

− k+
PC[ (TGF − β)2] [ RC]

+ k−
PC[ PC]−kf−RC[N]2

[ RC]
[ RC]+K

d[ PC]
dt

= k+
PC[ (TGF − β)2] [ RC]−k−

PC[ PC]

− kPC[ PC]−kf−PC[N]2
[ PC]

[ PC]+K
d[ S]
dt

= vS − kS[ S]−k+
S [ PC]

[ S]
[ S]+KS

+ k−
S [ Ŝ]

d[ Ŝ]
dt

= k+
S [ PC]

[ S]
[ S]+KS

− k−
S [ Ŝ]−k+

n [ Ŝ]

+ k−
n [ Sn]−kŜ[ Ŝ]

d[ Sn]
dt

= k+
n [ Ŝ]−k−

n [ Sn]−kSn[ Sn]

(4)

where again, [ (S)3]=[ Sn]3 /K3, [ N]=[ (S)3] (t − τN ) and
[ P]= KI

2/(KI
2+[ (S)3(t − τP)]2 ). τP and τN represent

the time-delays incorporated in the positive and negative
feedback loops respectively. Total PSMAD concentration
[ Ŝ] is defined as:

[ Ŝ]+Vn
Vc

([ Sn]+[ (S)3] )

where Vn and Vc are defined as the volume of the
nucleus and the cytoplasm compartment, respectively.
[ (S)3]=[ Sn]3 /K3 and [ Sn], is calculated from the final
equation of 4.
The parameters kf-1 , kf-RC and kf-PC represent, respectively,

the strength of the negative feedback on R, RC and PC,
the R1-associated membrane complexes. Although we
have applied the negative feedback on R, RC and PC
simultaneously and with identical strengths and binding
constants, the feedback on PC is what produces the
switching behaviour (see “Site of negative feedback for
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TGF-β signalling” section). The positive feedback is
applied only to R, where the polyamines act [26, 29]. The
cooperativity of the RF -TGF-β signalling system origi-
nates from the coupling of the self-regulatory positive and
negative feedback rather than from extracellular effects
such as ligand dimerization or depletion.
The component P in Eq. 4 represents the Azin1:

Antizyme:ODC:Polyamine associated reactions through
which the positive feedback acts on the receptors (Fig. 1).
The positive feedback is indirect, being affected by two
coupled, inhibitory processes [26].
To achieve the most biologically compatible and robust

model of TGF-β signalling, the sites of action of the feed-
back reactions needs to be determined. Sensitivity analysis
identified PC as the negative feedback action point (see
“Site of negative feedback for TGF-β signalling” section).
SMAD7 binds to receptors and participates in the induc-
tion of E3 ubiquitin (Ub) ligase-mediated receptor ubiq-
uitination [63, 64]. Henri-Michaelis-Menten kinetics is
used to model the negative feedback inhibitory function.
It is been reported that polyamine depletion increases
the TGF-β type 1 receptor mRNA and increases the
sensitivity of cells to TGF-β- mediated growth inhibition
[26, 28, 29]. Consequently, we have modelled succes-
sive reactions of the positive feedback loop using two
inhibitory reactions: first, the inhibition the intermediate
inhibitor P via miR-433 and second, the inhibition of R
via P.
Time delays are required in the reactions initiated by

(S)3. Hence, time-delays have been applied to both the
positive and negative feedback loops. The time-delays
compensate for the SMAD nucleocytoplasmic shuttling
and the other reactions that have been consolidated
in the reduced models (e.g. SMAD7 transcription and
translation for the negative feedback loop and the miR-
433/Azin1/Antizyme/ODC reaction chain for the positive
feedback loop).
Simulations described in the results were performed

with the equations described in the RF- model. Concen-
trations are dimensionless and scaled such that v1 = 1.
More simulation and experiment results are shown in
section “Supplementary Figures” of “Additional file 1”.

Results and discussion
Numerical simulations of TGF-β signalling
Analyses of the reduced equations and scaling make it
possible to study the characteristics of the model with
less complexity. Our model uses six coupled differential
equations to represent all the reactions occurring on the
membrane, within the SMAD signalling cascade and dur-
ing the feedback loops. In all the computer simulations we
have assumed τP = τN = 45 minutes.
In order to ensure the existence and uniqueness of the

solution (or the steady-state), the system must satisfy the

global/local Lipschitz condition [65]. All the equations
defined by Eq. 4 can be considered in the form of state
equations, ẋ = f (x, t), and are globally continuous in x
and t. Also their partial derivatives

(
∂ fi
∂xj

)
are continuous

for all x∈ Rn, n=6. Since the partial derivatives
(

∂ fi
∂xj

)
are

locally bounded, it can be inferred that all fi(x,t) are locally
Lipschitz for all x. Therefore, the state equations in Eq. 4
ensure the existence of a unique solution in the domain of
interest.
Note that the domain of interest D, where x∈D, is a

subset of R6. Several biological constraints are applied to
the model parameters and the initial values of the vari-
ables. For instance, none of the components of the model
can be negative nor infinite since they are concentrations,
kinetic rates or binding constants. Many of the cytoplas-
mic and nuclear variables are zero at the beginning of
the stimulation. Consequently, D does not cover entire
R6 space.
To test our hypothesis that the positive feedback is

responsible for the change of the behaviour of the sys-
tem for both short-term (0-3 hours) and long-term (6-8
hours) cellular responses, we ran the simulations for the
same TGF-β concentration and for stimulation times up
to 8 hours. The parameter values used to populate the
RF- TGF-β model equations are shown in “Additional
file 1: Table S3”. Figure 4 shows the predicted changes
in the PSMAD concentration time-course for different
TGF-β concentrations. Despite noticeable changes in the
transient response of themodel to different (non-zero) lig-
and concentrations, the steady-state remains unchanged.
Zero TGF-β input initiates no signalling, as we expected.
In order to reproduce the results of the total PSMAD
time-course in the literature (e.g. [22, 66]), we have
parametrized the RF- model with TGF-β = 5 arbitrary
unit, where the steady-state level of PSMAD is 40% less
than its short-term peak value and peaks one hour after
the ligand stimulation.
The RF- model of TGF-β signalling can show oscil-

lations under certain conditions (Additional file 2:
Figure S5). Oscillation occurs because of the coupling
between the positive and negative feedback loops. More
specifically, increasing the receptor production rate (v1)
and SMADproduction rate (vS) at the same time increases
the potential components which are necessary for sig-
nalling when the ligand is abundant. Therefore, the sys-
tem can oscillate without decaying of the PSMAD levels.
While the model can produce oscillatory responses, no
oscillation has been reported in TGF-β signalling path-
way experimentally. As a result, we adjusted the RF-model
parameters and kinetic rates such that PSMAD expe-
riences a single peak after the stimulation and decays
smoothly to the steady-state level.
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Fig. 4 Total PSMAD time-course for different TGF-β concentrations. The TGF-β signalling and hence the PSMAD time-course is proportional to the
TGF-β concentration. As the TGF-β input signal increases, the peak of the total PSMAD concentration is shifted to the left, is stronger and lasts
longer. In the case of approximately zero TGF-β input (TGF-β = 0.001), the signalling does not occur. Despite the short-term changes in the total
PSMAD concentration (< 3 hours) with respect to TGF-β , its steady-state level remains the same (0.3). We have parametrize our RF- model based on
its consistency with the experimental data, i.e. TGF-β = 5, where the peak in the total PSMAD concentration 50-60 min after the stimulation
corresponds to the short-term (transient) response and the constant level at 0.3 represents the long-term (steady-state) response of the system.
Note that all concentrations are represented with arbitrary units

The Zi et al. model [22] produced a sigmoidal TGF-β
concentration dependence for the cellular responses
to long-term stimulation. The total concentration of
PSMAD was used as an interpretation of the final cel-
lular response. According to their results [22], the Hill
coefficient of the fitted curve to the cell responses to long-
time TGF-β stimulation was approximately 4.5. The Zi
et al. model’s short-term (transient) responses to TGF-β
followed the Hill equation with an approximate coeffi-
cient of 0.8 [22]. Zi et al. proposed that the reason for
such a dramatic change in the behaviour of the system
was due to a significant time-dependent ligand deple-
tion caused ligand-receptor interaction and consequential
degradation of the ligand [22].
We examined the short- (0-3 hours) and long- (6-8

hours) term responses for PSMAD in our model as a func-
tion of TGF-β concentration (Fig. 5). The Hill coefficients
are 0.85 for the short-term and 3.87 for the long-term
stimulation, i.e. similar to the values determined by Zi
et al. (see Zi’s Figure 5.A and 5.B [22]). The parameter
values are fitted to a single term (Hill coefficient) in Fig. 5

and Additional file 2: Figure S3. Note that the dots are
the results of the RF- model simulation and the curve
show the fitted Hill equation. These results support our
hypothesis that the coupling of time-delayed positive and
negative feedbacks in the TGF-β signal transduction sys-
tem can account for ultra-sensitive responses to the ligand
concentrations.

Site of negative feedback for TGF-β signalling
In an initial calculation we allowed the negative feed-
back to operate on all of the R1-associated complexes
on the membrane, however, sensitivity analysis indicated
that it is the negative feedback through PC which regu-
lates the system. PC is the only TGF-β-associated com-
plex in the simplified model for TGF-β signalling. The
total TGF-β ligand concentration (extracellular TGF-β ,
which is kept constant in our simulations, and that which
is bound within the PC complex) decreases because of
the degradation of PC via the basal degradation of, and
negative feedback on, PC. The saturation of the system
with TGF-β flattens the TGF-β concentration response

Fig. 5 Transient and steady-state responses of the simplified TGF-β signalling model. Short-term responses of PSMAD levels to different
concentrations of TGF-β is referred as transient response. The simulation time for each point in this figure is 50 min (the time of overshoot in Fig. 4).
Long-term responses of PSMAD levels to different concentrations of TGF-β is referred as steady-state response. The simulation time for each point
in this figure is 500 min (the time of steady-state in Fig. 4). The only parameter of the model which is being changed in producing both curves is the
TGF-β concentration. Note that the unit of concentration on both axes are arbitrary



Khatibi et al. BMC Systems Biology  (2017) 11:48 Page 9 of 15

curves at high concentrations of ligand (Fig. 5). In order
to examine our hypothesis, we conducted a set of simu-
lations with the feedback on R and RC removed (Figure
S3). To accomplish this, kf−1 and kf−RC were set to zero.
The results of these simulations corroborated our initial
hypothesis that the negative feedback acts almost entirely
through PC.
The dynamics and the effect of the feedback loops

depend on other parameters i.e. N and K. However,
other parameters cannot be set to zero, as these con-
centrations, e.g. N, depend on other concentrations in
the system, such as (S)3, which is non-zero after the ini-
tial time point. Consequently, N is not zero after time
0. K is the binding constant of the reaction and is in
the denominator together with another concentration, e.g.
R in Eq. 4. Setting K large enough does not guarantee
that the negative feedback loop will be turned off. Set-
ting coefficients to zero is the only way of removing the
effect of a negative feedback loop from components R
and RC. The negative feedback loop is only acting on R,
RC and PC. If we remove its effect on R and RC, PC
is the only component that is affected and regulated by
negative feedback loop. Please note that turning off the
negative feedback loop for one component does not alter
the effectiveness of this loop on the other components: N
is considered as an enzyme in the equations (Michaelis -
Menten kinetics) and is not consumed during the reac-
tions, so its concentration and hence its effectiveness does
not change.

Cancer cells: changes in response to TGF-β
We propose that the time-course of the PSMAD con-
centration in response to TGF-β stimulation is modified
in cancer cells due to the possible mutations in SMADs,
mutations to TGF-β receptors and/or different receptor
levels [67–70]. Consequently, we simulated the biochem-
ical conditions of the early-stage tumors by reducing the
TGF-β receptor levels and the SMAD concentrations [71].
More precisely for modulating the receptor levels, we
decreased the effect of the positive feedback loop on the
receptors (kf+1 in Additional file 1: Table S3 is decreased
from 1 to 0.1) and SMADs (vs in Additional file 1: Table
S3 is decreased from 1 to 0.5). The simulation response of
the total PSMAD time-course in cells with lower receptor
and SMAD concentrations is plotted in Fig. 6. A compari-
son of Fig. 6 with Fig. 4 reveals that PSMAD concentration
peaks to a higher level (0.67 rather than 0.5) but reduces
to a lower level at the steady-state (0.13 v.s. 0.3). Clearly
at lower receptor levels (< 0.5 normal), e.g. found in
early cancer, the responses to TGF-β are reduced signifi-
cantly. This result confirms the suitability of our simplified
receptor model of TGF-β signalling for simulating the
responses in both normal cells and the early colon cancer
cells.

In contrast, late-stage tumors are more responsive to
TGF-β signalling [72]. This could be due to the effects
of TGF-β on the micro-environment and consequen-
tial indirect stimulation of the tumor [73–77]. However,
where the TGF-β receptor is intact and SMADs are
mutated, active receptors and signalling via the MAPK
and P38 pathways can stimulate migration and invasion
[41, 73, 78]. In order to simulate late tumor environment,
the receptors and SMADs levels are increased, by increas-
ing the relative kinetic rates. v1 in Additional file 1: Table
S3 is increased from 1 to 1.2 and vS is increased from 1
to 1.5. The predicted responses of late-stage tumors to
TGF-β stimulation are shown in Fig. 6. Although total
PSMAD concentration peaks at a higher level of TGF-β
receptor in late tumors, the steady-state levels of PSMAD
are not significantly different from the peak (i.e. normal
levels of TGF-β receptor).
To investigate the role of receptor level in the signalling,

we have simulated the behaviour of PSMAD concentra-
tion while the receptor concentration increases monoton-
ically. Receptor production rate was increased to achieve
an increase in receptor concentration. TGF-β concentra-
tion was maintained at a constant level during the exper-
iment. This simulation was conducted for two distinct
concentrations of TGF-β : 5 and 2 (arbitrary units). The
second TGF-β concentration is located approximately
where the switch in the long-term steady-state PSMAD
concentration occurs (see steady-state responses in Fig. 5
andAdditional file 2: Figure S3). There was no distinguish-
able change in the PSMAD steady-state concentration
when TGF-β concentration was reduced (Fig. 7). Low
receptor concentrations simulate cancer cells (see Fig. 7).
The non-responsiveness at the start in both panels of
Fig. 7 show that the cells are insensitive to TGF-β sig-
nalling when the receptor copy numbers are very low, i.e.
the situation in cancer cells. The saturation level deter-
mines the receptor concentration in which the highest
level of signal occurs. When receptor concentration is
approximately 0.75, the PSMAD level reaches a satura-
tion level and stays there as the receptor concentration
increases. The saturation levels in Fig. 7 correspond to the
steady-state of PSMAD in Fig. 5, steady-state response.
As expected, when the TGF-β concentration is increased
the curve of PSMAD shift to the left and all the changes
happen at lower receptor levels.
According to the RF- model formulation, the nega-

tive feedback term is directly proportional to −((S)3)2,
while the positive feedback term changes in proportion to
− 1

((S)3)2
. As a result, negative feedback dominates the pos-

itive feedback at high (S)3 concentrations (e.g. at the peak
value of PSMAD) and decreases the PSMAD level until
it reaches a stable state (see Fig. 7 and section “Feedback
Loops and Time-Delays in the RF- Model” in “Additional
file 1”).
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Fig. 6 Total PSMAD time-course for a certain TGF-β concentration. Total PSMAD time-course for a certain TGF-β concentration. Simulation results
for low membrane receptor concentration condition (or so called early-stage tumors) are compared with the simulation results for high membrane
receptor concentration condition (or so called late-stage tumors). These conditions were simulated via altering the receptor production rate on the
membrane. Note that the units of PSMAD concentration levels are arbitrary

The results of the simulations with different initial
SMAD concentrations are shown in Fig. 8. The PSMAD
levels in these simulations are sensitive to the TGF-β
concentration. As expected the PSMAD levels increase
with the SMAD levels until they saturate. Decreasing the
TGF-β value suppressed the signal at all SMAD concen-
trations. At the higher concentration of TGF-β , PSMAD
levels reach the saturation level at lower SMAD concen-
tration i.e. 0.1 (Fig. 8, TGF-β = 5) compared to 0.4 in
Fig. 8 when TGF-β = 2. The difference in the saturation
levels of the two curves in Fig. 8 is due to the differ-
ent steady-state levels of PSMAD time-course, stimulated
by different TGF-β concentrations. Furthermore, as the
initial concentration of SMAD increases, the RF- model
reaches its steady-state later (due to damped oscillation of
PSMAD level, Additional file 2: Figure S5).

Comparison of simulation results with
experimental data
Our simplified TGF-β signalling RF- model was tested
experimentally using PSMAD data from mouse embry-
onic fibroblasts. The predicted results from the model
are compared to two different experimental data sets in
Fig. 9. The difference between the experimental data and
the simulation curves can be explained by the errors asso-
ciated with the experiments and lack of experimental data
to parameterize the model. The simulation results are
in good agreement with the experimental results from

the response to TGF-β signalling in normal cells (Fig. 9a
and b).
The experimental data from wild type MEFs and the

model prediction curve for total PSMAD2 concentration
level are plotted in Fig. 9a. Similarly, in Fig. 9b the sim-
plified model is plotted with the experimental data set
from Gp130F/F MEFs [53]. In order to achieve the best
fit in Fig. 9b the parameters of the RF- model had to be
adjusted. It has been reported that the level of the SMAD7
concentration is higher in Gp130F/F MEFs due to their
gene modification [53]. As is shown in Fig. 9b, the steady-
state level of PSMAD2 is lower than in Fig. 9a. Note that
the error bars are smaller in Fig. 9b for the longer time
points.

Conclusions
The importance of TGF-β signalling in the progression
of cancer heralded in a new era of cancer cell biology
research [73, 79–81]. Several models for TGF-β signalling
have now been proposed [16–22]. In each case these mod-
els attempted to study the responses of the intracellular
signalling reactions to different concentrations of TGF-β .
In one of the most comprehensive mathematical models
Zi et al. [22] predicted that ligand depletion contributed
to the long-term response levels of PSMAD. Zi et al. sug-
gested that at higher concentrations of TGF-β , there was
no depletion from the medium and as a result there was
a transfer from a transient to a switch-like response to

Fig. 7 The effects of receptor concentration on the long-term response of PSMAD (500 min). The PSMAD steady-state levels are calculated for two
distinct ligand concentrations TGF-β = 2 and TGF-β = 5 (arbitrary units). Approximately, no difference is observed between the two curves of this
figure. Note that the units of PSMAD and receptor concentration levels are arbitrary
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Fig. 8 The effects of SMAD concentration on the long-term response of PSMAD (500-2500 min). The PSMAD steady-state levels are calculated for
two distinct ligand concentrations TGF-β = 2 and TGF-β = 5 (arbitrary units). The steady-state level of total PSMAD rises higher when TGF-β = 5
than when TGF-β = 2 due to the increase in the ligand concentration. Note that the units of PSMAD and SMAD concentration levels are arbitrary

the TGF-β concentration. However, they also noted the
possibility that negative feedback mechanisms might also
contribute to the switch-like response [22].
Our TGF-β model uses fewer reactions than Zi et al.

[22], however our model represents the behaviour of
the critical components that control the responses to
TGF-β stimulation over both 80 min and 8 hr time-
frames. It is known that time-delayed positive and nega-
tive coupled feedbacks can create robust stable signalling
[32, 33, 82, 83]. In order to explore the critical role of
feedback loops in the TGF-β signalling networks we intro-
duced a model where the steady-state was dependent on
positive and negative feedback loops. One of the objec-
tives of our study was to design a mathematical model
that is applicable to both normal cells and cancer cells. In

many early cancer cells the number of TGF-β receptors
decreases significantly [68–70], thus TGF-β signalling
is down-regulated. The time-dependent ligand depletion
model of Zi et al. [22] does not simulate this decrease in
the receptor levels.
Our simulation results show that the PSMAD response

of the cells is less sensitive to TGF-β stimulation at low
receptor concentration. This is consistent with TGF-β
signal suppression in early cancer cell lines. Our simu-
lations also indicate that reduction in SMAD levels will
also cause a global suppression of signalling in response
to TGF-β . Due to mutations of SMADs, many early
cancers are likely to have reduced levels of TGF-β sig-
nalling [67]. These results are consistent with the picture
of early-stage tumors being associated with the loss of

Fig. 9 PSMAD2 time-course validation with experimental data sets from a wild type and b Gp130F/F MEFs. Different colors of dots specify different
experiments. The curves represent the model prediction of PSMAD2 dynamics. The model parameters are changed in the curve of Fig. 9b so that
the steady-state level of PSMAD2 concentration is lower and its peak is higher
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TGF-β sensitivity and the decrease of TGF-β receptor
expression [84].
TGF-β signal transduction can be stimulated in late-

stage tumors (“The TGF-β Paradox” [85, 86] i.e. early-
stage cancers are less sensitive to TGF-β inhibitor,
whereasmany late-stage cancers are stimulated by TGF-β ,
either directly through increased receptor levels or indi-
rectly by effects on the micro-environment of the cells).
Our model with feedback loops produces results con-
sistent with both roles of TGF-β in tumorigenesis. In
the late-stage tumors the increased responsiveness to
TGF-β could occur via increased production rates for
receptors or SMADs. According to our model predic-
tions, the overshoot peak of PSMAD in response to
TGF-β is higher in early tumors and the steady-state
levels of PSMAD are lower generally, while in late tumors
both steady-state and peak levels are higher than normal
cells. Additionally, the difference between the PSMAD
peak and steady-state levels is less in late-stage tumors,
so the TGF-β signalling would be on for longer times.
This work can be used as a guide for future experi-
mental research on TGF-β effects on tumor progres-
sion. It must be emphasized that the late-stage tumour
responses must be influenced by other genetic changes
which change the response to TGF-β from inhibition
to stimulation. In future studies it will be important to
add other pathways which can link the TGF-β signalling
to anti-mitotic processes, migration processes or even
increases proliferation.
This model provides the basis for predicting the effects

of TGF-β on the signalling processes in cells with different
levels of TGF-β receptors or SMADs. By considering of
a model where coupled, positive-negative feedback loops
modulate TGF-β signalling switching responses can be
observed without depletion of TGF-β [22]. TGF-β signal
transduction can be studied more precisely using control
theory analysis including system identification methods
[87, 88].

Methods
The experimental data set and the kinetic rates used to
set the initial parameters for the model were taken from
the literature [16–22]. For the initial conditions, estima-
tion of parameter values and the interpretation of some
experimental data, we have benefitted from the model
proposed by Zi et al. [22]. The values for all parameters are
documented in the Additional file 1: Tables S1, S2 and S3.

Computer modelling and simulations
The programs used for these simulation where PYTHON
2.7 and MATLAB 7.10. The curve fitting tool box of
MATLAB is used for fitting the Hill equation in Fig. 5
and Additional file 2: Figure S3, and deriving the Hill
coefficients.

Mathematical and biochemical analysis
The biochemical kinetics, equilibrium analysis, feedback
analysis, reduction analysis using the rapid equilibrium
assumption, time-delayed analysis, asymptotic expansions
and sensitivity analysis (refer to “Additional file 1”) have
been performed on the model [49].
We have usedWestern blot analysis for our quantitation.

Western blot is only a semi-quantitative method; abso-
lute values are not measured. As a result, throughout the
manuscript and Figures, the units for protein concentra-
tions are arbitrary. N.B. each species in Eq. 4 is calculated
in its compartment volume. The volume corrections for
all species of Eq. 4 are hidden in the coefficients of the
corresponding terms and are not explicitly shown in the
equations, e.g. k−

n and k+
n include the Vn/Vc and Vc/Vn

volume correction terms, respectively.

Cell culture and cell lysis
Mouse embryonic fibroblasts (MEFs) cells were isolated
from day 13 to 15 embryos. MEFWT, SV40-immortalized
MEFs (Simian vacuolating virus 40) and Gp130F/F MEFs
[53] were cultured in DMEM containing 15% FCS. The
cells were typsinazed and washed with DMEM + 15% FCS
before plating. Passage 3 cells with 1×106 MEFs/well were
seeded in 60 mm plates for 0-4 hours, 0.5×106 MEFs/well
for 24 hour and 0.25×106 MEFs/well for 48 hour treat-
ment with 5 ng/ml TGF-β respectively. After washing
with cold PBS for two times, cells were lysed in ice-cold
200 μl RIPA lysis buffer, containing 1M Tris/HCL, 0.5 M
EDTA, 5M NaCl, 10% Na Doc (Sodium Deoxycholate),
10% TX-100, 10% SDS, proteinase inhibitor 100 × and
H2O. The cell lysates were passed through 27 G needle
5 times, then incubated on ice for 20 min. After incuba-
tion the samples were spun at 13,000 rpm for 30 min at
4oC. The supernatant was transferred to new tubes: 20
μl of samples used for the BCA protein assay (Sigma kit
B9643); 20μl 5× sample buffer was added to 80μl of sam-
ple, the samples heated at 95oC for 10 min and analysed
by SDS-PAGE.

Western blotting
Novex NuPAGE� 4-12%-Bis-Tris (life technologies
NP0335 Box) gels were used to analyse the sample
lysates from each time point. The SMAD7 antibody was
provided via Santa Cruz Biotechnology and was used
at 1:1000 in 3% BSA-TBS-T. PSMAD2 antibody (rabbit
polyclonal anti-phospho-Smad2 antibody (1:1000 for
Western blot)) was a gift from Prof. Peter ten Dijke
(Leiden University Medical Center, Netherlands). β-
tubulin, actin, Lamin B1 or transferrin receptor were
used as loading controls depending on the protein being
analysed. For antibody detection, the proteins were
transferred onto a nitrocellulose membrane using the
iBlot 2 gel transfer device (Life technologies) and the
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membranes were scanned using the Odyssey infrared
scanner (LI-COR).

Protein quantitation
The Western blot images were quantitated using ImageJ
1.49p. The signals from each protein were normalised
using the signal from each loading control.

Additional files

Additional file 1: Mathematical Model for TGF-β Signalling, which
provides more information about the model design and model reduction
steps. Feedback Loops and Time-Delays in the RF- Model, which provides
more information about the delayed positive and negative feedback loops
and their effects on the signalling system. Parameters for TGF-β Signalling
Model, which provides tables of parameters involved in the signalling
model [89, 90]. (PDF 152 kb)

Additional file 2: Which provides information about extra figures
(Figures S1-S7) of model simulation and experimental data that help
understanding the signalling system. Figure S1 Dynamics of feedback
loops in RF- model. A) The negative feedback loop time-course for a
time-delay τN = 20 minutes B) The positive feedback loop time-course for
a time-delay τP = 120 minutes. N changes proportionally with (S)3 as
((S)3)2 while P is inversely proportional to (S)3 as 1/(1 + ((S)3)2). Figure S2
The effects of feedback loops on the TGF-β receptor concentration
dynamics. The time-delays are either for both τN and τP = 45 minutes or
τP = 120 and τN = 20 minutes. The effects of individual feedback loops on
the receptor levels are studied. The peaks and the valleys are due to
positive and negative feedback loops respectively. The time-delays shift
the peaks and valleys in time. The strength of the feedback loops change
the amplitude of the peaks and valleys. Figure S3 The predicted effects of
different concentrations of TGF-β on PSMAD levels when the negative
feedback loop influences PC only. These effects are shown for the
short-term (50 min) and long-term (500 min) responses of the TGF-β
signalling system. Note that the dots are derived from model simulation
and the curves show the Hill equations which are fitted by MATLAB.
Figure S4 PSMAD responses to changes in TGF-β concentration at
different simulation times. The Hill coefficient increases with the increase in
the simulation time. The PSMAD response does not switch before 200 min,
where the PSMAD level starts saturating (Fig. 4). The curves of 50 min and
500 min simulation times correspond to the curves in Fig. 5. Figure S5
PSMAD time-course for different production rates of SMAD The SMAD
production rate (vS) determines the steady-state of the PSMAD response of
RF- model. Higher vS SMAD concentration during the signalling. The
PSMAD time-course experiences damped oscillation for high vS. The
oscillations appear to delay the system reaching its steady-state. Figure S6
The representative Western blots for PSMAD2 analysed in Fig. 9. A)wild
type MEFs B)Gp130F/F MEFs. In each panel, the top bands show the
PSMAD2 signals of the double-stimulation experiment. The bottom bands
show the actin signals for loading control to which the PSMAD2 levels are
normalised to produce the results shown in Fig. 9. Figure S7 The validation
of the simplified model with experimental data. The dots show the level of
PSMAD2 concentration obtained from experiment and the curves specify
the model predictions. A) PSMAD2 time-course for 0-1h on SV40-
immortalised MEFs stimulated with TGF-β and its corresponding blot B)
PSMAD2 time-course for 0-4h on SV40-immortalised MEFs stimulated with
TGF-β and its corresponding blot C) PSMAD2 time-course for 0-4h on wild
type MEFs stimulated with TGF-β and its corresponding blot. (PDF 1750 kb)
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